
ABSTRACT: Hybrid methods, i.e. combinations of deformation measurements with structural and 
material mechanics have been successfully used, for more than 20 years, for the New Austrian 
Tunneling Method (NATM), and beyond. This contribution extends these developments with respect 
to the mechanical behavior of such structures for more efficient evaluation of long-term behavior. In 
detail, internal shell-specific forces derived from the principle of virtual power are analytically 
linked, based on an aging viscoelastic material model, to radial and circumferential displacement 
components which were measured at selected points of the tunnel shell. For the Sieberg tunnel the 
data-driven analytical mechanics model evidences virtually uniform ground pressure distributions, 
leading to a first rapidly increasing, and then mildly decreasing utilization degree of the shotcrete 
shell. 

Keywords: analytical mechanics, New Austrian Tunneling Method, aging viscoelasticity, shotcrete. 

1 INTRODUCTION 

In tunnel engineering, unlike traditional structural engineering, the external loads that the tunnel has 
to resist are not known a priori. Instead, displacements of selected points of the inner surface of the 
tunnel lining are known, because they are standardly measured (Moritz et al. 2023), as part of 
structural monitoring during the construction phase, nowadays typically by means of methods from 
laser optical geodesy. Therefore, as a rule, both the loads acting on the tunnel lining and the stress 
states in the tunnel lining need to be estimated from the aforementioned displacement measurements. 

The present contribution deals with (non-closed) top headings made of hydrating shotcrete in the 
framework of the New Austrian Tunneling Method (NATM), monitored by geodetic displacement 
measurements at three points. We explicitly introduce the outer surface of the tunnel shell, on which 
normal traction forces (“ground pressure”) will be imposed, while the equilibrium of forces within 
each cross-sectional plane of the tunnel shell will be maintained by normal tractions (“impost forces”) 
acting on the footings of the tunnel shell segments. 
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2 ANALYTICAL MECHANICS OF AGING VISCOELASTIC SHOTCRETE TUNNEL 
SHELLS 

Aiming at both efficiency and transparency of computational procedures for tunnel safety 
assessment, we here develop semi-analytical formulae resting on the principle of virtual power 
(Germain 1972, 1973), aging viscoelasticity (Scheiner and Hellmich, 2009), and suitably chosen load 
distribution functions for an NATM tunnel shell. 

2.1 Cross-sectional equilibrium within an arch-like tunnel cross-section: application of 
the principle of virtual power 

For the cross-sectional equilibrium within an arch-like tunnel cross-section, the so-called principle 
of virtual power (Germain 1972, 1973), was used in (Scharf et al. 2022), which leads to the following 
differential equilibrium conditions valid along the entire arch segment 

 −𝑛𝑛φ +
1
𝑅𝑅

d2𝑚𝑚φ

dφ2
− 𝑅𝑅 𝐺𝐺𝑝𝑝 = 0,   and   

d𝑛𝑛φ
dφ

+
1
𝑅𝑅

d𝑚𝑚φ

dφ
= 0   for   φ𝑏𝑏 ≤ φ ≤ φ𝑒𝑒 (1) 

with the axial forces 𝑛𝑛𝜑𝜑, the bending moment 𝑚𝑚𝜑𝜑, and the ground pressure 𝐺𝐺𝑝𝑝. In addition, the 
principle of virtual power gives access to the natural boundary condition which guarantee equilibrium 
at the beginning and at the end of the tunnel segment, 

 for   𝜑𝜑 = 𝜑𝜑𝑏𝑏   and   𝜑𝜑 = 𝜑𝜑𝑒𝑒:   −
1
𝑅𝑅

d𝑚𝑚𝜑𝜑

d𝜑𝜑
= 0 (2) 

so that the forces of the tunnel shell are in equilibrium. These differential equations can be solved for 
given functions quantifying the ground pressure distribution. This leads to ground pressure-induced 
distributions of internal axial forces and bending moments in tunnel shell segment, see (Scharf et al. 
2022), using the following boundary conditions 

 𝑁𝑁𝑝𝑝,𝑏𝑏 = −𝑛𝑛φ(φ𝑏𝑏),    𝑁𝑁𝑝𝑝,𝑒𝑒 = −𝑛𝑛φ(φ𝑒𝑒),    𝑚𝑚φ(φ𝑏𝑏) = 0,    𝑚𝑚φ(φ𝑒𝑒) = 0, (3) 

where, independent of the ground pressure distribution, for the fulfillment of (3)4 the impost forces 
at the beginning and the end of tunnel segment 𝑁𝑁𝑝𝑝,𝑏𝑏, 𝑁𝑁𝑝𝑝,𝑒𝑒 have to be equal, i.e. 𝑁𝑁𝑝𝑝,𝑏𝑏 = 𝑁𝑁𝑝𝑝,𝑒𝑒 = 𝑁𝑁𝑝𝑝. 

2.2 Aging and nonlinear creep of shotcrete shells 

For the (ultra-)short term creep of shotcrete, the following power law is used by analogy to (Irfan-ul 
Hasan et al. 2016), (Königsberger et al. 2016) 

 𝐽𝐽(ξ, 𝑡𝑡) =
1

𝐸𝐸(ξ)
+

1
𝐸𝐸𝑐𝑐(ξ)

�
𝑡𝑡
𝑡𝑡0∗
�
β

 (4) 

with the power-law exponent amounting typically to 0.25 (Königsberger et al. 2016), and with 𝑡𝑡0∗ =
1 d as a reference time. The temporal evolution of the elastic modulus 𝐸𝐸 and creep modulus 𝐸𝐸𝑐𝑐 as 
well for the uniaxial compressive strength of shotcrete 𝑓𝑓𝑐𝑐 under isothermal conditions at 20℃ are 
approximate by suitable fitting functions, such as given in (Ausweger et al. 2019). However, the 
degree of hydration also evolves with time, so strictly speaking, (4) is only valid for a very short time 
interval in which the degree of hydration ξ is virtually constant. Therefore, according to (Scheiner & 
Hellmich 2009), the constitutive relations need to be transformed into a rate form. 

Moreover, it is known that the creep compliance increases non-linearly with the stress once a 
critical load level is exceeded. This is elegantly quantified in terms of the affinity concept of (Ruiz 
et al. 2007), according to which the rate of the creep function needs to be multiplied by factor η 

 ∂𝐽𝐽NL

∂𝑡𝑡
= η 

∂𝐽𝐽
∂𝑡𝑡

   with   η = 1 + 2ℒ4   for   ℒ > 0 (5) 

The level of loading ℒ relative to the strength of the material is described with a Drucker-Prager 
strength criterion, applied to the stresses at the center line of the tunnel shell, see (Scharf et al. 2022). 
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2.3 Displacement and rotation rates across the tunnel segment 

When choosing suitable functions for the spatial distribution of the normal traction forces (“ground 
pressure”) acting on the tunnel shell, namely the polynomials reported in (Scharf et al. 2022), 
combination of equilibrium conditions (Eqs. (1)-(3)) and material behavior (Eq. (4)) allows for 
derivation of displacement and rotation rates across the tunnel shell, as functions of the outer forces 
acting on it. As given in detail in (Scharf et al. 2022), this deformation-force relations read as 

 

+𝑢̇𝑢𝑟𝑟𝐶𝐶(ξ,φ� , 𝑡𝑡) − 𝑅𝑅θ̇𝑧𝑧,𝑏𝑏
𝐶𝐶 (𝑡𝑡) sin(φ�) − 𝑢̇𝑢φ,𝑏𝑏

𝐶𝐶 (𝑡𝑡) sin(φ�) − 𝑢̇𝑢𝑟𝑟,𝑏𝑏
𝐶𝐶 (𝑡𝑡) cos(φ�)

= +ℐ𝑁𝑁→𝑟𝑟(φ�) �
𝑁̇𝑁𝑝𝑝(𝑡𝑡)
𝐸𝐸�ξ(𝑡𝑡)�

+ �
∂𝐽𝐽
∂𝑡𝑡

𝑡𝑡

0
(ξ(𝑡𝑡), 𝑡𝑡 − τ)𝑁̇𝑁𝑝𝑝(τ) dτ�

+ ��ℐ𝑖𝑖→𝑟𝑟(φ�) �
𝐺̇𝐺𝑝𝑝,𝑖𝑖(𝑡𝑡)
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+ �
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4

𝑖𝑖=1
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+𝑢̇𝑢φ𝐶𝐶 (ξ,φ� , 𝑡𝑡) − 𝑅𝑅θ̇𝑧𝑧,𝑏𝑏
𝐶𝐶 (𝑡𝑡){cos(φ�) − 1} − 𝑢̇𝑢φ,𝑏𝑏

𝐶𝐶 (𝑡𝑡) cos(φ�) + 𝑢̇𝑢𝑟𝑟,𝑏𝑏
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(8) 

with the radial and circumferential displacement rates 𝑢̇𝑢𝑟𝑟𝐶𝐶, 𝑢̇𝑢𝜑𝜑𝐶𝐶 , the rate of the rotational angle 𝜃̇𝜃𝑧𝑧𝐶𝐶, and 
their values at the beginning of the shell 𝑢̇𝑢𝑟𝑟,𝑏𝑏

𝐶𝐶 , 𝑢̇𝑢𝜑𝜑,𝑏𝑏
𝐶𝐶 , and 𝜃̇𝜃𝑧𝑧,𝑏𝑏

𝐶𝐶 ; the rate of the impost forces 𝑁̇𝑁𝑝𝑝 and the 
ground pressures 𝐺̇𝐺𝑝𝑝,𝑖𝑖; and with the time-invariant influence functions ℐ given as Eqs.(99)-(113) in 
(Scharf et al. 2022), the elastic modulus 𝐸𝐸, the creep function 𝐽𝐽, and the degree of hydration ξ. 

3 TEMPORAL LINEAR DISCRETIZATION OF THE DISPLACEMENT-TO-FORCE 
CONVERSION 

The conversion of displacements measured in the measurement points into compressive traction 
forces acting on the outer shell surface and on the imposts is based on a temporally discretized version 
of Eqs. (6)-(8). Between chosen time instants since the installation of the top heading, the temporal 
evolutions of the displacements and rotational angles are approximated linearly, so that the 
corresponding rates become constants during the time intervals [𝑡𝑡𝑛𝑛, 𝑡𝑡𝑛𝑛+1]. The same type of temporal 
approximation is used for the ground and impost pressure values. Mathematically, this reads as 

 𝑥̇𝑥(Δ𝑡𝑡𝑛𝑛+1) =
𝑥𝑥(𝑡𝑡𝑛𝑛+1) − 𝑥𝑥(𝑡𝑡𝑛𝑛)

Δ𝑡𝑡𝑛𝑛+1
   with   Δ𝑡𝑡𝑛𝑛+1 = 𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑛𝑛 (9) 

Finally, also the same type of temporal approximation is used for the material properties, so that 

 𝐸𝐸(𝑡𝑡) = 𝐸𝐸�𝜉𝜉(𝑡𝑡𝑛𝑛)�+
𝑡𝑡 − 𝑡𝑡𝑛𝑛
Δ𝑡𝑡𝑛𝑛+1

�𝐸𝐸�𝜉𝜉(𝑡𝑡𝑛𝑛+1)� − 𝐸𝐸�𝜉𝜉(𝑡𝑡𝑛𝑛)�� (10) 

 

𝜕𝜕𝐽𝐽NL

𝜕𝜕𝜕𝜕
(𝑡𝑡) =

𝜕𝜕𝐽𝐽NL

𝜕𝜕𝜕𝜕
(𝜉𝜉(𝑡𝑡𝑛𝑛), 𝑡𝑡 − 𝑡𝑡𝑛𝑛)

+
𝑡𝑡 − 𝑡𝑡𝑛𝑛
Δ𝑡𝑡𝑛𝑛+1

�
𝜕𝜕𝐽𝐽NL

𝜕𝜕𝜕𝜕
(𝜉𝜉(𝑡𝑡𝑛𝑛+1), 𝑡𝑡 − 𝑡𝑡𝑛𝑛) −

𝜕𝜕𝐽𝐽NL

𝜕𝜕𝜕𝜕
(𝜉𝜉(𝑡𝑡𝑛𝑛), 𝑡𝑡 − 𝑡𝑡𝑛𝑛)� 

(11) 
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Using (9)-(11) in the rate equations (6)-(8) gives the following discrete format for the increments of 
radial and tangential displacements and of rotational angles, respectively, 

 

+
𝑢𝑢𝑟𝑟𝐶𝐶(ξ,φ� , 𝑡𝑡𝑛𝑛+1) − 𝑢𝑢𝑟𝑟𝐶𝐶(ξ,φ� , 𝑡𝑡𝑛𝑛)

Δ𝑡𝑡𝑛𝑛+1
−
𝑢𝑢𝑟𝑟,𝑏𝑏
𝐶𝐶 (𝑡𝑡𝑛𝑛+1) − 𝑢𝑢𝑟𝑟,𝑏𝑏

𝐶𝐶 (𝑡𝑡𝑛𝑛)
Δ𝑡𝑡𝑛𝑛+1
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−
𝑢𝑢φ,𝑏𝑏
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𝑖𝑖=0

�
η

𝐸𝐸𝑐𝑐�ξ(𝑡𝑡𝑛𝑛)�
 
β
𝑡𝑡0∗
�
𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑖𝑖

𝑡𝑡0∗
�
β−14

𝑗𝑗=1

+
η

𝐸𝐸𝑐𝑐�ξ(𝑡𝑡𝑛𝑛+1)�
β
𝑡𝑡0∗
�
𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑖𝑖

𝑡𝑡0∗
�
β−1

�
Δ𝑡𝑡𝑖𝑖+1

2
+
𝐺𝐺𝑝𝑝,𝑗𝑗(𝑡𝑡𝑛𝑛+1) − 𝐺𝐺𝑝𝑝,𝑗𝑗(𝑡𝑡𝑛𝑛)
𝐸𝐸�ξ(𝑡𝑡𝑛𝑛+1)�Δ𝑡𝑡𝑛𝑛+1

��, 

(13) 

 

+
θ𝑧𝑧𝐶𝐶(ξ,φ� , 𝑡𝑡𝑛𝑛+1) − θ𝑧𝑧𝐶𝐶(ξ,φ� , 𝑡𝑡𝑛𝑛)

Δ𝑡𝑡𝑛𝑛+1
−
θ𝑧𝑧,𝑏𝑏
𝐶𝐶 (𝑡𝑡𝑛𝑛+1) − θ𝑧𝑧,𝑏𝑏

𝐶𝐶 (𝑡𝑡𝑛𝑛)
Δ𝑡𝑡𝑛𝑛+1

= +ℐ𝑁𝑁→𝑧𝑧(φ�) ��
𝑁𝑁𝑝𝑝(𝑡𝑡𝑖𝑖+1) −𝑁𝑁𝑝𝑝(𝑡𝑡𝑖𝑖)

Δ𝑡𝑡𝑖𝑖+1

𝑛𝑛

𝑖𝑖=0

�
η

𝐸𝐸𝑐𝑐�ξ(𝑡𝑡𝑛𝑛)�
 
β
𝑡𝑡0∗
�
𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑖𝑖

𝑡𝑡0∗
�
β−1

+
η

𝐸𝐸𝑐𝑐�ξ(𝑡𝑡𝑛𝑛+1)�
β
𝑡𝑡0∗
�
𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑖𝑖

𝑡𝑡0∗
�
β−1

�
Δ𝑡𝑡𝑖𝑖+1

2
+
𝑁𝑁𝑝𝑝(𝑡𝑡𝑛𝑛+1) − 𝑁𝑁𝑝𝑝(𝑡𝑡𝑛𝑛)
𝐸𝐸�ξ(𝑡𝑡𝑛𝑛+1)�Δ𝑡𝑡𝑛𝑛+1

�

+ ��ℐ𝑖𝑖→𝑧𝑧(φ�) ��
𝐺𝐺𝑝𝑝,𝑗𝑗(𝑡𝑡𝑖𝑖+1) − 𝐺𝐺𝑝𝑝,𝑗𝑗(𝑡𝑡𝑖𝑖)

Δ𝑡𝑡𝑖𝑖+1

𝑛𝑛

𝑖𝑖=0

�
η

𝐸𝐸𝑐𝑐�ξ(𝑡𝑡𝑛𝑛)�
 
β
𝑡𝑡0∗
�
𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑖𝑖

𝑡𝑡0∗
�
β−14

𝑗𝑗=1

+
η

𝐸𝐸𝑐𝑐�ξ(𝑡𝑡𝑛𝑛+1)�
β
𝑡𝑡0∗
�
𝑡𝑡𝑛𝑛+1 − 𝑡𝑡𝑖𝑖

𝑡𝑡0∗
�
β−1

�
Δ𝑡𝑡𝑖𝑖+1

2
+
𝐺𝐺𝑝𝑝,𝑗𝑗(𝑡𝑡𝑛𝑛+1) − 𝐺𝐺𝑝𝑝,𝑗𝑗(𝑡𝑡𝑛𝑛)
𝐸𝐸�ξ(𝑡𝑡𝑛𝑛+1)�Δ𝑡𝑡𝑛𝑛+1

��. 

(14) 
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4 APPLICATION TO A BENCHMARK EXAMPLE: SIEBERG TUNNEL 

The analytical mechanics model for an aging viscoelastic cylindrical shell segment, as written in 
Section 2 and 3 is applied to a benchmark example in NATM tunneling, which has been analyzed by 
various types of “hybrid methods” (Hellmich et al. 2001 and Ullah et al. 2012). 

4.1 Geometrical and material properties 

For the analysis of the Sieberg tunnel, constructed in the 1990s as part of the high-speed railway line 
connecting Vienna and Salzburg, the cross section MC1452 with radius R = 6.20 m, thickness h = 
0.30 m, and opening angle Δφ = 2.92 rad = 167.30°, was chosen. During the top heading excavation 
and installation stage, the young tunnel shell was equipped with three optical reflectors delivering 
displacement vectors of three measurement points (MPs), MP1, MP2, and MP3; and we here consider 
the corresponding measurements over the first 21 days of the lifetime of the Sieberg tunnel, see 
(Scharf et al. 2022). Moreover, we consider a typical shotcrete mixture with the cement type 
CEM II/A-S 42.5R, and the strength class SpC 20/25. 

4.2 Determination of the unknowns: ground pressure, axial force, and generator rotations 
at the ends of the circular segment 

The preceding developments contain seven unknowns, four values for the ground pressure at 
different locations, one value for the axial force, and two values for the generator rotations at the 
beginning and at the end of the circular tunnel shell segment, respectively. For the determination of 
these unknowns, seven equations are necessary. They are obtained as follows 

• Two equations result from specification of the natural boundary condition (2) for the 
beginning of the arch segment and for the end of the arch segment. 

• Two equations result from specification of the discretized format of the radial displacements 
according to Eq. (12) for the positions of MP2 and MP3. 

• Two equations result from specification of the discretized format of the tangential 
displacements according to Eq. (13) again for the positions of MP2 and MP3. 

• One equation result from specification of the discretized format of the rotation angle 
according to Eq. (14) for the end of the arch segment. 

For the geometrical and material properties and the displacement measurements, the unknowns can 
be determined with the above linear system of equations, and this allows for the description of the 
force and stress quantities, together with the utilization degree, as well as the description of the 
displacement and strain quantities between the measurement points, and of the external loads, i.e., 
ground pressure and imposts, see (Scharf et al. 2022) and Figure 1. 

 
Figure 1. Comparison of elastic and viscoelastic results: history of degree of utilization (a), circumferential 
and axial normal force (b-c), and of ground pressure (d) of the top heading of the Sieberg tunnel, MC1452. 
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4.3 Role of aging creep: viscoelasticity vs. elasticity 

At this point, the influence of aging creep on the degree of utilization shall be shown. More precisely, 
what is the effect of those terms in Eqs. (12)-(14) with sums from i = 1 to n, compared to a purely 
elastic evaluation, where these terms are omitted. 

For the viscoelastic evaluation of a time increment Δtn+1 = tn+1 – tn, the entire previous load history 
must be known and taken into account. The tunnel shell behaves more compliant compared to a 
purely elastic analysis. Thus, time-dependent deformation of shotcrete leads to smaller internal and 
external forces, see Figure 1(b)-(d), as well as to a degree of utilization which is smaller by a factor 
of about three, see Figure 1(a). 

5 CONCLUSIONS 

Consideration of polar components of point-wise measured displacement vectors in combination 
with a tunnel-specific shell theory and viscoelastic modeling of aging shotcrete provides analytical 
access to the ground pressure distribution along the tunnel circumference, impost forces, and all 
quantities arising from the action of the latter external forces. Purely elastic modeling would lead to 
unrealistically high force estimates and stresses prevailing in the tunnel structure. 
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